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FATIGUE LIFE PREDICTION OF GLASS REINFORCED COMPOSITE
MATERIALS USING WEIBULL DISTRIBUTION

Cyclic bending fatigue tests were conducted on randomly oriented short multidirectional glass fiber-reinforced polyester
matrices. Standard test specimens were manufactured in rectangles with a volume fraction of 40% glass fibers. The experi-
mental fatigue life results were fitted using S-N curves, which are based on power function equations. S-N curves, which are
characterized by important and significant scatter over the lifetime, were correlated using the two-parameter Weibull distri-
bution function to determine the probability of failure and to plot the S-N curves at different reliability levels. These curves
are of considerable design value in practical applications of composite materials and predict the sample response at the time of

service depending on the degree of reliability.
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INTRODUCTION

The endurance properties of composite materials are
much greater in contrast with metallic materials, espe-
cially light alloys. These exceptional properties of these
materials justify their use in the aeronautical and naval
industry for parts subject to stress fatigue. However, the
anisotropy of composite materials directly influences
their strength and stiffness and also renders very com-
plex failure mechanisms under static and cyclic
stresses. There have been many investigations into the
mechanical properties of composite materials in fatigue
tests in order to identify and explain the physical basis
of the damage mechanism in cyclic load [1-4]. How-
ever, most of the manufacturing processes of fiber rein-
forced composite materials result in a heterogeneous
material that can generate, in a given part, regions that
have different mechanical properties. This is true in par-
ticular for parts manufactured using the contact molding
process. This process can lead to a wide scatter of me-
chanical properties, especially fatigue resistance. The
scatter of mechanical properties in fatigue test results
directly from the nature and physiology of the compos-
ite material, the nature and mode of action relating to
the preparation of the environment surrounding the
specimen, uncertainty of the setting within the test ma-
chines, adjustment of the applied loading, cycle fre-
quency and structure heterogeneities [5].

It is necessary to use statistical methods to analyse
experimental data and predict the mechanical properties
of these materials. One of the analysis methods is

Weibull statistics, which has frequently been used to
determine the mechanical properties of materials and to
analyse fatigue scattering problems. Weibull distribu-
tion has the capability to model the experimental data of
extremely different characters because of its excellent
applicability and accuracy [6, 7]. Moreover, the results
of recent research studies have proved that Weibull's
statistical analysis will be very useful in the evaluation
of fatigue data reliability in composite materials [8]. For
example, when shape parameter (B) is equal to 1, it be-
comes a two-parameter exponential distribution [9]. For
B values near 3, its coefficient of skewness approaches
zero and the function is capable of approximating nor-
mal distribution [9]. Hanif et al. [10] employed Weibull
distribution to incorporate the failure probabilities into
the fatigue life of laminated cementitious composites.
Sohel et al. [11] presented a statistical constitutive
model at a given stress level to explain the fatigue life
of an ultra-lightweight cement composite and light-
weight aggregate concrete. Noel [12] used a statistical
approach to optimize the Weibull distribution parame-
ters fitting experimental fatigue data to develop S-N
curves for any probability of failure of fiber reinforced
polymer composites. The results show that the model is
versatile and can be calibrated to describe the probabil-
istic nature of fatigue response.

It is of interest to note that the two-parameter
Weibull function has several advantages [13]: (a) the
distribution is expressed in a simple function form and
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is easy to apply; (b) the distribution accurately de-
scribes composite static strength and fatigue life and is
widely accepted for composite statistical data analysis;
(c) standard tables and computing routines are avail-
able; (d) data can be interpreted on a sound physical
basis so that the A-Basis and B-Basis allowables deter-
mined for static strength and fatigue life are more reli-
able; and (e) the hypothesis-testing methods for statisti-
cal significance are available and verified. Selmy et al.
[14] used the two-parameter Weibull distribution func-
tion to obtain the scatter in experimental results and to
construct reliability graphs for fabricated hybrid com-
posites. These graphs can be considered as reliability or
safety limits in identifying the first failure time of
a component under any stress amplitude. Djeghader and
Redjel [15] correlated the number of cycles to failure of
a jute-reinforced polyester composite using the two-
parameter Weibull distribution function to determine
the probability of failure and to plot the S-N curves at
different reliability levels.

The main objective of the present paper is to study
the fatigue behavior of randomly oriented short multidi-
rectional glass fiber reinforced polyester composites
using the power function equation. The experimental
results from a fatigue test will be analyzed statistically
using the two-parameter Weibull distribution function.

EXPERIMENTAL TECHNIQUES

Materials

Randomly oriented short multidirectional glass fiber
reinforced polyester matrix composites were manufac-
tured by the contact molding method in the form of
rectangular plates with dimensions of 600 x 300 mm,
with a mean thickness of 4 £0.5 mm and a volume
fraction of 40% glass fibers [16]. The unsaturated poly-
ester resin (Polylite 420-852) has a tensile strength of
about 45 MPa, a density at ambient temperature of
1110 kg/m’, and viscosity around 20 dPa-s, the breaking
stress is 72 MPa and the bending modulus is about
2350 MPa [15]. Glass fiber reinforcement (£) has den-
sity of 2540 kg/m3, an elastic modulus of 72 GPa,
breaking stress of 3.5 GPa and an elongation at break of
about 4.4% [16, 17]. The average value of the ultimate
flexural strength of a glass/polyester composite speci-
men is: o, = 180 MPa, and Young’s modulus: E; =
= 5670 MPa [17]. The value of g, is necessary to per-
form the cyclic fatigue test of the composite material.

Fatigue test

The specimens for the cyclic fatigue tests were in
a prismatic form of 80 mm in length, 15 mm in width
and 4 mm in thickness (Fig. 1). The cyclic bending fa-
tigue tests (3-point bending fatigue) were carried out
using a ZWICK ROEL test machine with a £20 KN
capacity and controlled by the computer software “test
expert” (Fig. 2). The loading type is sinusoidal with

a constant amplitude of 1.25 Hz frequency. The choice
of low frequency allows any side effects mainly due to
heating of the material to be avoided. The fatigue life
was measured for different stress levels S (S = o/o,;
where ¢ is the maximum stress; and o, is the bending
failure stress) of 0.8, 0.7, 0.6, 0.55, 0.45, 0.35 and 0.25.
For each level load, a minimum of three test specimens
were tested. The criterion adopted in this study is com-
plete fracture of the specimen. However, it should be
noted that after 10° cycles, and for practical reasons in
the laboratory, the test is stopped even if the specimen
is not broken. We also consider the fact that there is no
fracture. The limit of endurance is therefore fixed at 10’
cycles [16].

Fig. 2. All devices employed in cyclic fatigue test

THEORETICAL ANALYSIS

Many alternative statistical approaches are available
to express engineering data. These approaches allow us
to determine the relationship between the parameters,
design the experiment, as well as predict and estimate,
among others, the fatigue resistance for a certain load
level and number of cycles, using the mathematical
model or the probability distribution [18]. One of the
approaches to analyze the fatigue-life data results in-
volves the use of the two-parameter Weibull distribu-
tion function. The probability density function f{x)
(PDF) of two-parameter distribution is indicated in
equation (1). This PDF equation is the most popular
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definition of two-parameter Weibull distribution [15,
18-20].

_1 X ﬁ

e =L() e M

In the context of this study, a is the scale parameter
at a certain stress level (characteristic life); £ is the
shape parameter of the two-parameter Weibull distribu-
tion at a certain stress level (the inverse measure of the
dispersion in the fatigue life results); and x is the vari-
able parameter (denoting, the random variable value of
cycles to failure).

Integrating the probability density function (PDF) in
equation (1) gives the cumulative density function
(CDF) or the probability of failure, P(x), in equation
(2) [21, 22].

Py =1-e G @

The survival probability (the reliability function),
P(x), is defined as Py(x) = 1- PAx), which indicates that
the sample test is not subjected to any dangerous dam-
age for a specific period of time. By substituting this
value of P(x) in equation (2), it is converted to the fol-
lowing equation:

P = e @ 3

The values of scale parameter o and shape parameter
p are determined by taking the logarithm twice on both
sides of equation (3), which can be rewritten in the fol-
lowing form:

In <ln <1_P1f(x)>> = Bin(x) — BLn (a) )

It can be seen in equation (4) that the relationship
between Ln(Ln(1/1 — P(x)) and Ln(x) is a linear one.
Therefore, the slope of the straight regression line pre-
sents shape parameter . Scale parameter o can be ob-
tained from the second term of equation (4) [14].

Survival probability Py(x) for each cycle number at
a given stress level in the fatigue test is calculated from
the median ranking method using the following equa-
tion [14, 22, 23]:

R0 =1-(—22) ®)

n+0.4

Where # is the total number of samples and i is the fail-
ure serial number. According to Equations (4) and (5),
it is very easy to plot a graph with Ln(Ln(1/1 — P(x))
against Ln(/) in order to determine the values of scale
parameter o and shape parameter .

The scatter in the fatigue life can be determined and
analyzed using the following equations [24, 25]:

[MTTF] = al’ (1 + %) (6)

[SD]=aJF(1 +§)—r2(1 +%) 7)
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Where MTTF is the mean life time to failure (the mean
fatigue life) (eq. (6)), SD is the standard deviation (eq.
(7)), CV is the coefficient of variation of the two-
parameter Weibull distribution (eq. (8)), and " is the
gamma function.

RESULTS AND DATA ANALYSIS

S-N diagram

In this part, S-N curve models developed directly to
characterize the experimental fatigue data subjected to
a constant load amplitude will be fitted by the power
function equation (see eq. (9)):

o = Allog (N)]” ©)

A and B are material constants linked to the material
properties. These two constants were calculated from
the experimental data using least-squares curve fitting.

The repetition of stress loading creates damage in
the glass fiber and polyester matrix of the composite
material. When the number of performed cycles is less
than the lifetime, it is important to quantify these dam-
ages in order to estimate the residual lifetime. There-
fore, the residual stress of the glass fiber reinforced
polyester composite decreases as the fatigue test pro-
gresses [26]. Comparisons between the experimental
results and the power function fit of applied stress in the
fatigue test with the number of cycles are presented in
Figure 3.
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Fig. 3. S-N diagram of glass reinforced polyester composite
material

The figure clearly shows that cyclic fatigue failure
number (N) of the glass-reinforced composite material
decreases with an increase in the value of applied stress.
However, evaluation of the experimental data using the
linear function has a low value of coefficients of linear
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correlation (R* = 0.77), which indicates the importance
of the dispersion of lifetimes, which is essentially due
to the heterogeneous nature of the studied composites
and the nature of the test specimens that seldom have
comparable characteristics. Indeed, the volume fraction,
the length and orientation of the fibers, the density and
the defects of the distribution, as well as the physical
and mechanical characteristics, differ from one test
specimen to another and from one region to another of
the same specimen [16]. Thus, it is clear that in addition
to the structural defects of the glass fiber reinforced
polyester composite material, the fatigue behavior
of the material under cyclic loading allowed clean
dispersion, like a physical fact of the fatigue pheno-
menon. Moreover, it is generally far too difficult to
entirely remove some of the causes of experimental
error, even if it is possible in theory. The simultaneous
action of these two kinds of causes, both experimental
and physical, leads to a scatter of test results that are
rarely negligible with regard to the amounts being
measured [5].

Weibull distribution

The fatigue life of the specimens was assessed using
the two-parameter Weibull distribution, as shown in
equation (4). Figure 4 shows the Weibull plot for the
different stress levels. However, because none of the
specimens tested at a 0.25 loading level corresponding
to o = 45 MPa failed, this data cannot be used further in
the analysis.
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Fig. 4. Weibull lines for glass reinforced polyester composite
samples

It is evident from the data depicted in Figure 4 and
reported in Table 1 that the slope of the linear regres-
sion lines (shape parameter f) presents important values
for the minimum loading levels, indicating that these
lines are approximately vertical with minimum varia-
tion (scatter) in fatigue life data (on the abscissa) and
vice versa for a lower value of £, except for loading 0.7,
which has a value of () at about 2.5, indicating that the
dispersion result is greater compared to the other load-
ing levels of the fatigue test (Table 1). However, it is
important to note that all the plots displayed good line-

arity with reliability index R’ > 0.78, signifying a rea-
sonable Weibull distribution fitting. Therefore, it is pos-
sible to conclude that the () slopes of the regression
lines effectively represented the scatter in the fatigue
life data of the studied material.

TABLE 1. Weibull parameters in fatigue test

Weibull
olo, a p R [CV1(%) | mean life
(No)
0.80 877 3.183 0.892 34 785
0.70 4744 2.490 0.992 43 4209
0.60 10851 7.010 0.999 17 10151
0.55 18375 13.633 0.784 9 17688
0.45 35577 17.415 0.977 7 34508
0.35 66952 20.878 0.870 6 65247

The obtained scale parameter values () were greater
than 1 (f > 1), meaning that the fatigue loading
damage was distributed throughout the stressed region.
Although this phenomenon often reduces the stiffness
of a composite material, it does not always lead to an
immediate reduction in strength. Strength reductions
typically occur in the wear-out zone following small
stress-induced, viscoelastic, or creep deformations in
the matrix [27].

The values of scale parameter a of the Weibull dis-
tribution function were calculated based on the above-
mentioned equations (eq. (3) and (4)). These values are
listed in Table 1, and it is worth noting that they are
related in an inversely proportional way to loading in
the fatigue test.
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Fig. 5. Effect of mean fatigue life on coefficient of variation
[CV]

To evaluate the relative dispersion of the fatigue test
data, it was necessary to use equation (8) to calculate
the relative coefficients of variation (CV) for each mean
life (MTTF). Figure 5 shows the effect of MTTF on CV.
According to these results, the scatter in the fatigue life
values was the widest between 10* and 104, where SD
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was approximately 43% of the mean life. This observa-
tion was made due to the presence of structural defects
that at the beginning of a test can emerge in response to
the increased level of stress. However, for the other
values of mean life (low stress level) the data has rela-
tively low variability, where the SD is between 6+9%
of the mean life. This tendency in the dispersion of the
fatigue life at different loading levels is extremely im-
portant to the designer and deserves much attention for
the application of this type of composite materials [20].
The line of connection between the data points in
Figure 5 simply serves to suggest a trend in the data.

The probability of functional performance of
a structural element or part of an element under current
service conditions and in a defined period of time is
known as reliability or the probability of survival [28].
The reliability graph corresponding to each stress alue
of glass reinforced polyester composite samples is
shown in Figure 6. This graph was plotted using equa-
tion (3).
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Fig. 6. Survival probability graphs for glass reinforced polyester compo-
site material

The cyclic fatigue life of a glass/polyester composite
can be easily determined at any survival probability
using this graph. Therefore, the 50% survival probabil-
ity of the tested samples is found in this graph by draw-
ing a horizontal line from the y-axis to its intersection
with the distribution curve. For example, for a 0.6 load-
ing level corresponding to 108 MPa, the intersection of
the horizontal line for a 50% survival probability gives
a life cycle number of 10298 cycles (Fig. 6). This value
becomes 65787 cycles for a 0.35 loading level corre-
sponding to 61 MPa. Similarly, when the loading level
is 0.8 (o = 143 MPa), the intersection of the horizontal
line for a 90% survival probability composite shows
a lifetime of 432 cycles, while when a loading level of
0.3% (o = 61 MPa) is used, the lifetime is 60111 cycles.

The results of the 3-point bending fatigue test of
glass/polyester composite material showed significant
variability because of the anisotropic structures and
semi-brittle behavior of the materials. Thus, the reliabil-
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ity or safety limit is an important parameter in design-
ing this type of structure.

The case of Py(x) = 0.368 indicates that the part sur-
vived the characteristic life (with respect to the number
of cycles). This survival probability value can be de-
termined from equation (3) by substituting (x = «).
Therefore, the following equation (12) can be written
[15]:

a

B
P(x) = 1-Pi(x) =e (@ =0368 (12)

In Figure 7, the S-N curves are drawn for different
reliability levels using equation (13) (derived from
eq. 3)).

Np, = a (13)
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Fig. 7. S-N curves for different reliable levels for glass polyester compo-

site material

The results obtained from equation (13) (cycle num-
ber) were fitted using a power function (eq. (11)).

It can be seen in Figure 7 that constant A decreases
as the level of survival probability increases (the num-
ber of cycles in fatigue life decreases as the reliability
increases). The curves in Figure 7 are of considerable
value to the designer for the practical applications of
this type of composite material. These curves can pre-
dict the response of the sample at the time of service
depending on the degree of reliability. For example, if
composite structural elements (structural components)
contain a defect or a critical section which can be dam-
aged under repeated load (where any failure is catastro-
phic), using the calculated lifetime at high reliability
(99%) is strongly recommended.

CONCLUSIONS

Glass fiber reinforced polyester composite material
was subjected to cyclic fatigue in order to plot the S-N
curve and to calculate the endurance limit of this mate-
rial using the power function approaches. The experi-
mental data was collected to predict the lifetime using
the statistical method based on the two-parameter
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Weibull distribution. From the experimental results,

theoretical and statistical analysis of the fatigue life data

of the glass/polyester composite material, the following
concluding remarks were drawn:

- The experimental results showed dispersion due to
the anisotropy of material and operation of the cyclic
fatigue test. This behavior makes predicting fatigue
life very difficult.

- The residual stress of the glass fiber reinforced poly-
ester composite decreases as the fatigue test pro-
gresses. Therefore, the endurance limit of this com-
posite material can be estimated at a stress of 45 MPa
with a failure cycle number at 10° cycles.

- The mean values of the experimental results from the
fatigue test and the theoretical curve were in good
agreement although there is a wide range of experi-
mental data.

- Scatter in the fatigue life values was the widest be-
tween 107 and 104, where the SD is about 43% of the
mean life (between 10° and 10%). This observation is
due to the presence of structural defects that can be
significantly damaged under a high stress level at the
beginning of the test.

- The fatigue life of glass/polyester composite material
can be easily determined at any survival percent us-
ing fatigue life distribution diagrams constructed by
the two-parameter Weibull cumulative function
(probability of survival).

- The reliability or safety limit is an important parame-
ter in designing semi-brittle elements. For this rea-
son, S-N curves for several levels of reliability were
presented to designers such as: P, = 0.99, P, = (.50,
P;=0.368 and P; = 0.1 which can be considered as
reliability or safety limits in the identification of the
first failure time under any stress level.
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